Abstract. We generalize algebraic results of Nielsen fixed point theory to Nielsen coincidence theory. We use the algebraic methods of D. Ferrario in Nielsen fixed point theory.
Introduction
Let X be a finite CW -complex and let f : X → X be a given map. The generalized Lefschetz number L(f ) is the alternating sum of the Reidemeister traces of f . The Nielsen number N (f ) is the minimum number of nonzero summands in the sum representing L(f ) and give a lower bound for the number of fixed points of maps homotopic to f (see [1, 8, 9] ). X is defined to be of Jiang type if it satisfies the following property; if L(f ) = 0 then N (f ) = R(f ), where R(f ) is the Reidemeister number, and if L(f ) = 0 then N (f ) = 0. It has been recently proved in [12] that a wide class of homogeneous spaces are of Jiang type. For such spaces Ferrario computes the Reidemeister number of the map [2] . For the coincidence theory, let f, g : X → Y be maps between compact connected closed oriented topological manifolds with dimX = dimY . Suppose that Y is a Jiang space; if L(f, g) = 0 then N (f, g) = R (f, g) where N (f, g), R(f, g) are defined in Section 3, and if L(f, g) = 0 then N (f, g) = 0 (see [5] ). Thus we need to compute the Reidemeister number R(f, g) of the maps.
In Section 2, let f, g : G → G be homomorphisms between groups, H , H normal subgroups of G , G, respectively such that f (H ) ⊂ H and g(H ) ⊂ H. Assume that g|H : H → H is surjective. Then we can generalize to coincidence theory some algebraic results which allow one to distinguish Reidemeister classes due to Ferrario [2] . In fact, if g is the identity endomorphism, then the conclusions are the same as in [2] . In Section 3, we summarize the coincidence theory which we need in this paper. In the last section we obtain some algebraic results of the Nielsen numbers of fibre maps.
The Reidemeister classes of homomorphisms
Let G , G be groups and f, g : G → G homomorphisms. There is an equivalence relation on G defined by the rule that α β if and only if there is a γ ∈ G with α = g(γ)βf (γ
−1
). The class containing α will be denoted by [α] , and R(f, g) the set of equivalence classes. Then there is an exact sequence (with the obvious base points)
of groups and based sets, where
is a homomorphism and R(f, g) has a canonical group structure in which j is a homomorphism. Note that for all
Next we consider the naturality of Reidemeister operations of pairs. Suppose we are given a commutative diagram of groups and homomorphisms 
of groups and based sets in which δ is given by
Furthermore, if G is abelian, then the sequence can be regarded as an exact sequence of groups.
Also, we can consider the following commutative diagram ). The class containing Hα will be denoted by [Hα] , and the set of all classes by R(f, g; H). We call R(f, g; H) the set of H-Reidemeister classes of f and g. The number R(f, g; H) of the equivalence classes is called the modH Reidemeister number of (f, g) on G and is written R(f, g; H). Note that in Theorem 2. 
Example 2.3. Let G = G = Z be the additive group of integers; let l, m, n ∈ Z be given with l|m, n; let f, g : G → G be the endomorphisms given by f (x) = mx, g(x) = nx for all x ∈ G , let H = H = lZ ⊂ G be a normal subgroup of multiples of l.
is the greatest common divisor of n − m and l; the sequence
is exact where the inclusion l = i * is the homomorphism induced by the inclusion i :
In this section, we try to find a normal subgroup T of H that the
1 is a bijection. If this happens, the sequence of pointed sets
Throughout this section we assume that g|
Proposition 2.4. The subgroup T is normal in H and the equality
Proof. See [2; Proposition 3.1].
Lemma 2.5. For any subgroup K of G such that
there exists a surjection
Proof. We prove the Lemma by the method of [2; Lemma 3.2]. Consider the natural projections
We will show that p * i
and the equality
shows that A is well defined and surjective. Because
Thus, from Proposition 2.4, we can find
Let S 1 and S 2 be sets. Then we write S 1 ≥ S 2 if there exists a surjection S 1 → S 2 . If there is a bijection between S and the disjoint union j∈Z S j then we write S = j∈Z S j . f, g; H) , let α ∈ G be such that
where
,ḡ) then there exists a surjection
, g; H) commutes. Thus we have a surjection
for all [Hβ] which gives the desired inequality.
, the proof is complete using again Lemma 2.5.
Proof. It suffices to define K α = {1} for all [Hβ] ∈ R(f, g; H).
H/T α and equality holds whenever
Proof. Consider the following commutative diagram
where [Hβ] , and hence
which completes the proof.
where as before [q(α
Proof. By Theorem 2.1 and Lemma 2.2, the following diagram
,ḡ). Applying Corollary 2.8 we obtain the stated formula. If we take H = G we have
Nielsen classes of continuous maps
Let X and Y be compact connected oriented manifolds of the same dimension. Suppose that f, g : X → Y are maps. Let Φ(f, g) = {x ∈ X : f (x) = g(x)} denote the set of geometric coincidences of f and g on X. There are two sides to the theory: the algebraic and the geometric. For the geometric side we say that x, y ∈ Φ(f, g) are Nielsen equivalent provided that there is a path c from x to x so that f (c) g(c) rel end points. The set of equivalence classes thus generated will be denoted by Φ (f, g). An element [x] ∈ Φ (f, g) is said to be a (geometric) Nielsen class of f and g.
Let M, N be compact connected oriented n-dimensional topological manifolds without boundary. Let U ⊂ M be an open subset and let f, g : U → N be a pair of maps such that Φ(f, g) is compact. Now recall the definition of index of a Nielsen class of such a pair [7, 11] We define the coincidence index of f and g as the image of z M in the sequence of homomorphisms
(exc denotes the excision isomorphism, , the Kronecker index and Q the field of rational numbers). We denote it by ind(f, g : U ). We recall only that it is an integer and that ind(f, g : U ) = 0 implies the existence of coincidence points of f and g in U . If U = M then ind(f, g : M ) equal the coincidence Lefschetz number L(f, g) [11] .
For the map f, g : Furthermore N (f, g) is a homotopy invariant (see [5] ).
In what follows we shall not distinguish between a path and its class in the fundamental groupoid π(X)(or π(Y )). To come to the algebraic side of the theory we choose base points x 0 ∈ X, y 0 ∈ Y , but we do not assume that either f or g is base point preserving. So we choose a path ω from y 0 to f (x 0 ) and µ from y 0 to g(x 0 ). Using the paths ω and µ we define homomorphisms 
is exact, where (g , g; H) .
Moreover, we have the following relationship between Reidemeister classes and modH Reidemeister classes;
